Semisimple Lie algebras have been completely classified by Cartan and Killing. The Levi theorem states that every finite dimensional Lie algebra is isomorphic to a semidirect sum of its largest solvable ideal and a semisimple Lie algebra. These focus the classification of solvable Lie algebras as one of the main challenges of Lie algebra research. One approach towards this task is to take a class of nilpotent Lie algebras and construct all extensions of these algebras to solvable ones. In this paper, we propose another approach, i.e., to decompose a solvable nonnilpotent Lie algebra to two nilpotent Lie algebras which are called the left and right nilpotent algebras of the solvable algebra. The right nilpotent algebra is the smallest ideal of the lower central series of the solvable algebra, while the left nilpotent algebra is the factor algebra of the solvable algebra and its right nilpotent algebra. We show that the solvable algebras are decomposable if its left nilpotent algebra is an Abelian algebra of dimension higher than one and its right algebra is an Abelian algebra of dimension one. We further show that all the solvable algebras are isomorphic if their left nilpotent algebras are Heisenberg algebras of fixed dimension and their right algebras are Abelian algebras of dimension one.
Introduction
Lie algebra is a branch of algebra, closely related with the Lie group theory, has various applications in physics and mechanics [5, 15] . Sophus Lie (1842-1899) started the research of Lie group and Lie algebra [8] . Later, Friedrich Engel (1861-1941), Wilhelm Killing (1847 Killing ( -1923 , Élie Cartan (1869 Élie Cartan ( -1951 , Hermann Weyl (1885-1955), Bartel van der Waerden (1903 Waerden ( -1996 , Nathan Jacobson (1910 Jacobson ( -1999 and Eugene Dynkin made various contributions to the developments of Lie algebra [3, 4, 5, 6, 15] . In particular, Cartan [2] characterized solvable Lie algebras and semisimple algebras by their Killing forms and completely classified semisimple Lie algebras. Eugenio Elia Levi [7] showed that a finite-dimensional Lie algebra is a semidirect sum of a solvable ideal and a semisimple Lie subalgebra. As semisimple Lie algebras were completely classified, people turn their attentions from the classification of general finite-dimensional Lie algebras to the classification of solvable Lie algebras and its subclass nilpotent Lie algebras [4, 11, 15] . The problem is completely solved up to dimension 7, and the difficulty increases rapidly as the dimension increases [15] .
The 1996 book of Goze and Khakimdjanov [4] devoted to the study of nilpotent Lie algebras. Some classes of nilpotent Lie algebras, such as Abelian Lie algebras, Heisenberg algebras, two-step algebras, filiform Lie algebras, characteristically nilpotent Lie algebras, nilpotent standard algebras, were studied in [4] .
How can solvable nonnilpotent Lie algebras be classified? Starting from 1993 [12] , Winternitz and his collaborators pursued such an approach: to take a class of nilpotent Lie algebras and construct all extensions of these algebras to solvable ones [9, 13, 14] . These were further put together in the 2014 book ofSnobl and Winternitz [15, Part 3] . For a finite dimensional Lie algebra, both the largest solvable ideal and the largest nilpotent ideal exist. They are called the radical and the nilradical of the Lie algebra. The Levi decomposition states that every finite dimensional Lie algebra is isomorphic to a semidirect sum of its radical and a semisimple Lie algebra. The approach ofSnobl and Winternitz [15] uses the nilradical of a solvable nonnilpotent Lie algebra as the starting point to study such a solvable Lie algebra. A rational algorithm for identifying the nilradical of a Lie algebra was presented in [15, Chapter 7] .
As discussed in [3, Chapter 3] , even in the three dimensional case, if the dimension of the derived algebra is two, then there are infinitely many non-isomorphic Lie algebras. This example will be discussed as Example 2 in Section 3 of this paper. They are solvable nonnilpotent Lie algebras. Therefore, the classification work of solvable nonnilpotent Lie algebras can only divide such Lie algebras to classes. Some classes may contain infinitely many non-isomorphic Lie algebras.
In this paper, we propose to decompose a finite dimensional solvable nonnilpotent Lie algebra to two nilpotent Lie algebras. The starting point of such an approach is the smallest ideal of the lower central series of a solvable nonnilpotent Lie algebra. In [10] , we studied three minimax ideal relations of a Lie algebra. The smallest ideal of the lower central series is at one of the three minimax places of a Lie algebra. We introduced near perfect ideas for a finite dimensional Lie algebra in [10] . The largest near perfect ideal of a finite dimensional Lie algebra always exists and is exactly the smallest ideal of the lower central series of that Lie algebra. We call it the near perfect radical of that Lie algebra. A Lie algebra is nilpotent if and only if its near perfect radical is zero. The factor algebra of a Lie algebra by its near perfect radical is always nilpotent. For a solvable Lie algebra, its near perfect radical is nilpotent. Using these facts, we decompose a finite dimensional solvable nonnilpotent Lie algebra to two nilpotent Lie algebras. The first nilpotent Lie algebra is the factor algebra of the solvable Lie algebra by its near perfect radical. We call it the left nilpotent algebra of that solvable Lie algebra. The second Lie algebra is the near perfect radical of that solvable Lie algebra. We call it the right nilpotent algebra of that solvable Lie algebra. Then we may classify solvable Lie algebras by such a nilpotent decomposition, and study solvable Lie algebras with different nilpotent decompositions separately. For example, we may study A(n 1 )-A(n 2 ) algebras, which are solvable Lie algebras whose left and right nilpotent algebras are both Abelian and with dimensions n 1 and n 2 respectively. Actually, the simplest solvable nonnilpotent Lie algebra is the A(1)-A(1) algebra, which is of dimension 2. See Example 1 in Section 3. On the other hand, the three dimensional case stated in the last paragraph is actually the A(1)-A(2) algebra, which will be studied as Example 2 in Section 3.
We also combine the lower central series of the left and right nilpotent algebras of a solvable nonnilpotent Lie algebra together, and call it the extended lower central series of the solvable Lie algebra. This strengthens the lower central series of such a solvable Lie algebra.
In the next section, some preliminaries are given.
In Section 3, we introduce the nilpotent decomposition and the extended lower central series for a finite dimensional solvable nonnilpotent Lie algebra, and study such a decomposition for dimension up to 4.
We study A(n 1 )-A(n 2 ) algebras in Section 4. We show that an A(n)-A(1) algebra with n ≥ 2 is the direct sum of an A(1)-A(1) algebra and n − 1 Abelian algebras A(1), and conjecture that an A(n 1 )-A(n 2 ) algebra with n 1 > n 2 is always decomposable.
In Section 5, we study A(n)-H p algebras, H p -A(n) algebras and H p -H q algebras. Here, H p is the pth order Heisenberg algebra, which is of dimension 2p + 1. We show that all the H p -A(1) algebras are isomorphic.
Some final remarks are made in Section 6.
Preliminaries
In this paper, we only study finite dimensional Lie algebras. The related field F is either the field of complex numbers or the field of real numbers. Suppose that L is an n-dimensional Lie algebra defined on F .
Denote the Lie bracket operation on L by [·, ·]. Then [·, ·] is a bilinear operation, and for x, y, z ∈ L, we have
and the Jacobi identity
If [x, y] ≡ 0 for any x, y ∈ L, then L is called an Abelian algebra. We denote an Abelian algebra of dimension n by A(n). When n > 1, Abelian algebra A(n) can always be decomposed to a direct sum of n Abelian algebras A(1). In [15, Part 4] 
Suppose that I and J are two ideals of L. Then I ∩ J,
Suppose that I is an ideal of L. Then the quotient vector space L/I = {x + I : x ∈ L} is a Lie algebra with a Lie bracket on L/I defined by
and is called the quotient or factor algebra of L by I.
Let
Then we have the derived series of L:
itself is a solvable Lie algebra. If I and J are two solvable ideals of L, then I + J is also a solvable ideal of L. Since 0 is a trivial solvable ideal of L, the largest solvable ideal of L exists, is called the radical of L and denoted as R(L). A nonzero Lie algebra L is called a semisimple Lie algebra if it has no nonzero solvable ideals. Then, a nonzero Lie algebra is semisimple if and only if its radical is zero. A semisimple Lie algebra is always a perfect Lie algebra but not vice versa.
Then we have the lower central series of L: 
For a solvable Lie algebra, the dimension of its nilradical is not less than a half of that solvable Lie algebra [15, Page 99] . This forms the base of studying all solvable extensions of a class of nilpotent Lie algebras [9, 12, 13, 14, 15] .
A nilpotent Lie algebra L with its nilindex equal to 2 is called a two-step algebra. A special two-step algebra is the Heisenberg algebra H p with dimension 2p + 1 [4, Page 43], defined by a basis {x 1 , · · · , x 2p+1 }, with the Lie bracket operations:
Heisenberg algebras H p have wide applications in physics [4, 15] 
We denote such a filiform algebra as F(n). The smallest dimension of Filiform algebras is 4. In [15, Part 4], F(4) is denoted as n 4,1 . On the other hand, there are two filiform algebras of dimension 5. They are denoted as n 5,5 and n 5,6 in [15, Part 4] . We may denote them as F(5) 1 and F(5) 2 respectively. There are five filiform algebras of dimension 6. They are denoted as n 6,18 , n 6,19 , n 6,20 , n 6,21 and n 6,22 in [15, Part 4] . We may denote them as F(6) 1 , F(6) 2 , F(6) 3 , F(6) 4 and F(6) 5 respectively.
In [10] , near perfect ideals were introduced.
Since zero is a trivial near perfect ideal, L always has a near perfect ideal. The sum I + J of two near perfect ideals I and J of L is still a near perfect ideal of L. Thus, the largest near perfect ideal of L exists, and is called the near perfect radical of L, and denoted as NP (L). The near perfect radical NP (L), is exactly the smallest ideal of the lower central series of L. The factor algebra L/NP (L) is always nilpotent. We always have P (L) ⊆ NP (L). A nonzero Lie algebra is nilpotent if and only if its near perfect radical is zero.
The Extended Lower Central Series
Suppose that a finite dimensional Lie algebra L is not nilpotent. Then its lower central series has the form:
where L r = NP (L) = 0. 
Proof By [10, Proposition 3.5], the factor algebra L/NP (L) is nilpotent. Then (3.4) follows the correspondence between ideals of a Lie algebra [3, Page 14] . If furthermore L is solvable, then its derived algebra D(L) is nilpotent. Hence, its near perfect radical
Suppose that L is solvable nonnilpotent. Assume the lower central series of
We call L/NP (L) the left nilpotent algebra of L, and NP (L) the right nilpotent algebra of L, and denote them as LN(L) and 
According to our notation, this is an A(1)-A(1) algebra. In dimension 2, this is the only solvable nonnilpotent Lie algebra. 
According to our notation, this is an A(1)-A(2) algebra. As in [15 
where
According to our notation, this is an H 1 -A(1) algebra. 
According to our notation, these are A (1) 
According to our notation, these are A(2)-A (2) There are no other four-dimensional non-decomposable, solvable nonnilpotent Lie algebras in the field of complex numbers.
A(n 1 )-A(n 2 ) Algebras
As we discussed in Example 1, the A(1)-A(1) Algebra, i.e., s 2,1 in [15, Chapter 16] , is the simplest solvable nonnilpotent Lie algebra. In Examples 2, 4 and 6, we have studied the A(1)-A(2) algebra, the A(1)-A(3) algebra and the A(2)-A(2) algebra, respectively. In this section, we study more general A(n 1 )-A(n 2 ) algebras.
Note that if
A(1)-A(n) Algebras
In this case, L is an (n + 1)-dimensional solvable nonnilpotent Lie algebra. Its left nilpotent algebra LN(L) is a one-dimensional Abelian algebra, and its right nilpotent algebra 
A(n)-A(1) Algebras
An A(n)-A(1) Algebra has dimension n + 1. We now have the following theorem.
Theorem 4.1 Suppose that we have an A(n)-A(1) algebra L, and n ≥ 2. Then L is the direct sum of an A(1)-A(1) algebra and n − 1 Abelian algebras A(1).
. Since D(L) = Span{y}, there must exist x ∈ L such that [x, y] = αy and α = 0. By scaling, we may assume that [x, y] = y. Let I = Span {x, y}. Then I is an A(1)-A(1) algebra. Since n ≥ 2, the dimension of L is n + 1 ≥ 3. Hence, there exist
for j = 1, · · · , n − 1. Furthermore, {x, y, z 1 , · · · , z n−1 } are linearly independent. Let i, j = 1, · · · , n − 1. By the Jacobi identity (2.2), we have
Since D(L) = Span{y}, we have
By (4.8) and (4.9), we have
for i, j = 1, · · · , n − 1. By (4.7) and (4.10), L is the direct sum of I and Span{z i } for i = 1, · · · , n − 1. The proof is completed.
General A(n 1 )-A(n 2 ) Algebras
In Examples 1, 2, 4 and 6, we discussed A(n 1 )-A(n 2 ) algebras in [15, for n = n 1 + n 2 ≤ 4. In Subsection 4.1, we listed A(1)-A(n) algebras in [15, for n + 1 = 5 and 6. There are other A(n 1 )-A(n 2 ) algebras in [15, for n = n 1 + n 2 = 5 and 6. For dimension 5, s 5,41 and s 5, 42 in [15, Chapter 18] In fact, in [15, ], we have not found any A(n 1 )-A(n 2 ) algebra with n 1 > n 2 . Thus, we conjecture that Theorem 4.1 may be further extended to this case, i.e., we conjecture that any A(n 1 )-A(n 2 ) algebra with n 1 > n 2 is decomposable.
A(n)-H p Algebras, H p -A(n) Algebras and H p -H q Algebras
In Examples 3 and 5, we studied the H 1 -A(1) algebra and the A(1)-H 1 algebra respectively. In this section, we study more general A(n)-H p algebras and H p -A(n) algebras.
A(1)-H p Algebras
In this case, the nilradical of an A(1)-H p algebra is the Heisenberg algebra H p . Then this is studied in [15, Chapter 11] . In Example 5, we studied the A (1) 
H p -A(1) Algebras
In Subsection 4.2, we showed that an A(n)-A(1) algebra is always decomposable. The next theorem shows that an H p -A(1) algebra is very different.
and
Hence, all the H p -A(1) algebras are isomorphic.
Proof Since RN(L) = NP (L) = A(1), we may assume that there exists a nonzero element y such that 
where σ i,j = β i,j for i, j = 2, · · · , 2p + 1, (i, j) = (2l − 1, 2l) for l = 2, · · · , p. These are very close to the conclusions (5.11-5.14) except that we have to prove or make σ i,j = 0, for i, j = 2, · · · , 2p + 1.
We now work on this. These show that σ i,j = 0, for i, j = 2, · · · , 2p + 1.
The proof is completed.
Final Remarks
In this paper, we proposed a nilpotent decomposition classification approach for solvable nonnilpotent Lie algebras, as a complementary approach to the existing approach of solvable extension of a given nilpotent radical, as discussed in [15] . We may see that in some cases, such as demonstrated by Theorems 4.1 and 5.1, this approach may reveal some structures of solvable nonnilpotent Lie algebras, not close the the approach of solvable extension of a given nilpotent radical. Hence, it is worth further exploring on this approach. It is known that not all nilpotent Lie algebras can be nilradicals of some solvable Lie algebras [15, Page 100]. In order to have nontrivial solvable extensions, a given nilpotent Lie algebra must possess at least one nonnilpotent derivation. A nilpotent algebra which has only nilpotent derivations and consequently is not a nilradical of any solvable Lie algebra is called a characteristically nilpotent algebra. A survey on characteristically nilpotent algebras can be found in [1] . It is wondered if a characteristically nilpotent algebra can be a left or right nilpotent algebra of a solvable nonnilpotent Lie algebra or not. On the other hand, is there any condition on a given nilpotent Lie algebra to be the left or right nilpotent algebra of a solvable nonnilpotent Lie algebra? These two issues may also worth further exploring.
